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Abstract— This paper presents a contribution to programming
by human demonstration, in the context of compliant motion task
specification for sensor-controlled robot systems that physically
interact with the environment. One wants to learn about the
geometric parameters of the task and segment the total motion
executed by the human into subtasks for the robot that can each
be executed with simple compliant motion task specifications.
The motion of the human demonstration tool is sensed with a
3D camera, and the interaction with the environment is sensed
with a force sensor in the human demonstration tool. Both measurements are uncertain, and do not give direct information about
the geometric parameters of the contacting surfaces, or about the
contact formations encountered during the human demonstration.
The paper uses a Bayesian Sequential Monte Carlo method (also
known as a particle filter) to do the simultaneous estimation of
the contact formation (discrete information) and the geometric
parameters (continuous information). The simultaneous contact
formation segmentation and the geometric parameter estimation
are helped by the availability of a contact state graph of all
possible contact formations. The presented approach applies to
all compliant motion tasks involving polyhedral objects with a
known geometry, where the uncertain geometric parameters are
the poses of the objects. This work improves the state of the
art by scaling the contact estimation to all possible contacts, by
presenting a prediction step based on the topological information
of a contact state graph, and by presenting efficient algorithms
that allow the estimation to operate in realtime. In real world
experiments it is shown that the approach is able to discriminate
in realtime between some 250 different contact formations in the
graph.
Index Terms— compliant motion, Bayesian estimation, particle
filter, human demonstration, task segmentation

task from processed sensor data collected during a human
demonstration.
Although the TFF has applications in many contact tasks,
[6], [7], it cannot model “complex” contact situations, i.e.,
with multiple contacts, even with polyhedral objects. Recently,
De Schutter presented a constraint-based task specification
framework that overcomes the limitations of the TFF, and
provides a powerful interface to specify complex compliant
motion tasks involving multiple (contact) constraints [8]. The
work presented in this paper is compatible with this task
specification framework.
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I. I NTRODUCTION

Fig. 1. Previous research covered the integration of compliant planning and
force controlled compliant motion [10]. In this research the offline planner is
replaced by programming by human demonstration.

OMPLIANT motion [1] refers to tasks in which an object
held by a manipulator moves while maintaining contact
with the environment. The force interaction at the contact
is used to guide the manipulated object along the surface
of the environmental object, to help overcome geometric
uncertainties associated with the task. Mason introduced the
Task Frame Formalism (TFF) [2] as an intuitive interface to
compliance and force control for the specification of force
controlled robot tasks in the Hybrid Control Paradigm (HCP).
Bruyninckx and De Schutter made an extensive catalog of
TFF models and specifications in [3], which, in the context
of programming by human demonstration, [4], [5], can be
used as primitive building blocks to create a compliant motion

Even between two simple polyhedral objects, hundreds
of contact formations are possible, and, hence, hundreds of
transitions between neighboring contact formations. In [9] Ji
and Xiao developed a compliant motion planner which automatically calculates a compliant path between two compliant
configurations, given the geometric model of the objects. The
resulting compliant path is given by a sequence of relative
poses between the objects, and their contact formations. In
[10] Meeussen et al. automatically converted this path into
a task specification for a force controlled manipulator, using
the Compliant Task Generator (see Fig. 1). In this paper,
a compliant path is obtained using programming by human
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demonstration, where a human demonstrates the desired compliant motion task. The demonstration can be performed in a
virtual environment using a haptic device, in the real world by
directly interacting with a robot through a master slave system,
or, like the example presented in this paper, by observing
human motion when the demonstrator directly manipulates the
objects in the environment without the use of a robot. After
the demonstration, in an interpretation step, the sensor data is
translated into a compliant path, given the geometric model
of the objects. This path is defined by the same parameters
as a path generated by the compliant motion planner, and
can be directly converted into a task specification for a force
controlled manipulator by the compliant task generator. The
same approach as used in the interpretation step, can be used
during the execution of a compliant motion task, to monitor
if the executed compliant path is the same as the specified
compliant path.
Major challenges in the automatic translation from human
compliant motion demonstration into a path plan of a compliant motion are: (i) to recognize the contact formation to which
the human demonstration is currently subjected, (ii) to estimate the geometric parameters of that contact formation (i.e.,
position of contact point(s), direction of contact normal(s),
etc.), and (iii) to detect when exactly the human demonstration
execution changes between two contact formations.
Initial research on the identification of contact formations
mainly focused on two different approaches: (i) ad hoc
identification strategies that exploit geometric knowledge of
the contacting objects, but that have a limited stochastic
foundation (e.g. [11], [12]) and (ii) Hidden Markov Model
based (hence stochastic) solutions to assembly problems that
can recognize contact formation transitions very fast but only
with limited allowed uncertainty (e.g. [13], [14]).
Previous work by the research group of the authors has
pioneered (in the domain of force-controlled compliant motion) the integration of both approaches, applying state-ofthe-art Bayesian probability techniques that have already become much more popular and successful in other robotics
domains with similar estimation challenges, namely mobile
robot navigation (e.g. [15], [16]) and 3D computer vision with
natural landmarks (e.g. [17]). All these domains must match
the sensor data to available “maps” of primitive geometric
building blocks, such as, for example, polyhedral structures in
the world. Not surprisingly, all domains are confronted with
similar hybrid state space estimation problems (also called
“data association”): the estimation problem involves some continuous state parameters, that get their precise meaning only in
the context of a (“hidden”) discrete state parameter. This latter,
symbolic parameter indicates the model that links the sensor
data to the continuous state parameters. For example, the
discrete state in this paper is a so-called (polyhedral) contact
formation, such as an edge-face contact; the continuous state
parameters are then the position of the edge and the face.
In mobile robotics and 3D visual reconstruction, the concept
of SLAM (Simultaneous Localization and Map Building) is a
very active research field, which goes a bit beyond the scope
of this paper: this paper only does localization, and no map
building. The Rao-Blackwellized particle filter [18] is often

used for SLAM, where it dramatically improves the performance by estimating of the position of hundreds of landmarks
independently using Kalman filters, while the position of the
mobile robot is tracked using particle filters. However, for contact state estimation this type of filter cannot by used because
(i) the geometrical parameters are not independent and (ii)
the probability on a change in contact state not only depends
on an input, but also on the geometrical parameters. Slaets et
al. [19] already presented SLAM results in compliant motion,
by building a geometric model of an unknown environment
from a given number of primitives, and recognizing the contact
transitions. Their approach is based on the Non-Minimal State
Kalman Filter [20], and is valid if the estimation has converged
to a unimodal Gaussian before a contact transition. They only
allow new contact constraints to be added gradually, and no
contact constraints to be removed. Recently Gadeyne et al. [21]
developed a particle filter [22] to recognize, simultaneously,
contact transitions, and estimate geometric pose parameters of
a known geometric model in an unknown pose. Their approach
is able to estimate (continuous) geometric parameters with
a large uncertainty, and simultaneously recognize (discrete)
contact transitions in an experiment consisting of six initially
known possible contacts. The low number of possible contacts
allows them to use a simple prediction step in the particle filter,
in combination with a small number of particles.
This paper generalizes and scales the approach of Gadeyne
et al. to cope with all possible contacts between two polyhedral objects. To cope with this increased complexity, a more
accurate prediction step is used, based on the topological
information contained in a contact state graph, [23], [24], and
the pose of the contacting objects. This paper also presents
efficient algorithms for the pose and consistency measurement
equations, allowing the estimators to be used in realtime.
The paper is organized as follows. Section II briefly reviews
the concepts of contact formations and the contact state graph.
Section III describes the demonstration tool which is used to
collect sensor data during human demonstration in compliant
motion. The interpretation of this sensor data, using Bayesian
estimation techniques, is covered in Section IV, while the efficient algorithms for the estimation are discussed in Section V.
Section VI describes the real world experiments that validate
the presented approach. Section VII discusses the strengths
and limitations of the approach. Finally, Section VIII contains
conclusions and future work.
II. C ONTACT F ORMATIONS AND
G RAPH

THE

C ONTACT S TATE

A. Contact Formations
The notion of principal contacts (PCs) was introduced [25]
to describe a contact primitive between two surface elements
of two polyhedral objects in contact, where a surface element
can be a face, an edge or a vertex. The boundary elements of a
face are the edges and vertices bounding it, and the boundary
elements of an edge are the vertices bounding it. Formally,
a PC denotes the contact between a pair of surface elements
which are not boundary elements of other contacting surface
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elements. Fig. 2 shows the six non-degenerate1 PCs that can be
formed between two polyhedral objects. Each non-degenerate
PC is associated with a contact plane, defined by a contacting
face or the two contacting edges at an edge-edge PC.

face-face

face-edge
edge-face

face-vertex
vertex-face

edge-edge

Fig. 2. The six possible non-degenerate principal contacts (PCs) between
two polyhedral objects.

A general contact state between two objects can be characterized topologically by the set of PCs formed, called a
contact formation (CF). Each configuration of two objects,
i.e. their relative pose in space, compliant to the constraints
of a CF, is called a CF-compliant configuration, denoted
by a pose X. Any motion formed by a sequence of CFcompliant configurations is called a CF-compliant motion. A
homogeneous transformation matrix represents the pose of an
object a relative to an object b:
 b

Ra pba
X ba =
,
(1)
0
1

B. Contact State Graph
Xiao and Ji developed a divide-and-merge approach [23],
[24] to generate a compact, simplified representation of the
contact state space between two polyhedral objects, as a
contact state graph G. In G a node represents a CF, and an
arc connecting two nodes represents the adjacency relationship
between the CFs of the nodes. Two CFs CFi and CFj
are adjacent if a compliant motion from a CFi -compliant
configuration to CFj -compliant configuration exists, which
only includes CFi and CFj -compliant configurations. Fig. 4
shows an example of a contact state graph containing seven
different CFs and their adjacency relationships. The approach
generates a contact state graph from a given set of locally most
constrained CFs, using a relaxation of the contact constraints.
The approach was implemented to automatically generate
a contact state graph that can contain hundreds of contact
formations.

where pba represents the position vector from a to b, and Rba
represents a the orientation matrix between a and b.

Fig. 4. A complete contact state graph shows all possible CFs (nodes)
and transitions between neighboring CFs (arcs). While this figure shows a
simplified example that only contains 7 CFs, a real contact state graph of two
3-dimensional polyhedral objects contains hundreds of CFs.

1 EC
point contact

2 ECs
line contact

3 ECs
plane contact

Fig. 3. A principal contact (PC) can be decomposed into one or more
elementary contacts (ECs), which are associated with a contact point and a
contact normal. The dotted arrows indicate the edge-edge ECs, and the full
arrows indicate the vertex-face or face-vertex ECs.

A PC can be decomposed into one or more Elementary
Contacts (ECs), providing a lower level description of the
CF, as shown in Fig. 3. The three types of ECs (face-vertex,
vertex-face and edge-edge) are shown in the two examples
at the right of Fig. 2. An EC is a point contact and is
associated with a contact point and a contact normal. For the
decomposition of a PC into ECs, we use the boundary points
of the contacting area, as shown by the gray areas in Fig. 3.
The contacting area can be a single point (for a vertex-face,
face-vertex or edge-edge contact), a line (for a face-edge or
edge-face contact) or a polygon (for a face-face contact).
1 The vertex-vertex, vertex-edge, edge-vertex and edge-edge-parallel PCs
are called degenerate, as it is difficult to achieve a stable contact that includes
one of these PCs. Therefore only non-degenerate PCs are considered in this
paper.

III. D EMONSTRATION T OOL
In programming by human demonstration, a task specification for a compliant task involving a manipulated object and its
environment is obtained by observing a human demonstrate the
desired task. In this research the human demonstrator directly
interacts with the manipulated object, using a demonstration
tool which is mounted onto the manipulated object.
A. Design
A CAD model of the tool’s design is shown in Fig. 5, while
Fig. 10 shows the tool during an experiment. A handle on
top provides an easy grasp for the human demonstrator to
manipulate the demonstration tool and the object attached to
it.
The six-dimensional pose of the demonstration tool is measured by a Krypton K600 6D optical system (Fig. 6) measuring
the spatial positions of LEDs attached to the demonstration
tool, at 100 [Hz] or more, with a volumetric accuracy of
90 [µm]. The demonstration tool itself has a hollow cylinderlike shape, consisting of nine faces in 40 [degrees] increments.
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Fig. 5. The design of the demonstration tool, seen from above (left) and below
(right). The red LED markers are used to track the pose of the demonstration
tool in space, while a wrench sensor mounted inside the demonstration tool
measures the interaction forces with the environment.

On each of the faces, up to four LED markers can be mounted
on eight different positions. Inside the demonstration tool, a
JR3 wrench sensor is mounted between the demonstration tool
and the manipulated object, in order to measure the wrench
wm applied by the human demonstrator to the manipulated
object:
T

.
(2)
wm = fx fy fz τx τy τz
f denotes a linear force, and τ is a moment.

Fig. 6.
The Krypton K600 6D optical system uses three cameras and
triangulation algorithms to accurately measure the spacial position of each
of the LED markers on the demonstration tool.

pose X ct between the demonstration tool (t) and the camera
(c) can be calculated using the method described below. The
positions of the visible LED markers relative to the camera
are represented by pcL1 . . . pcLb . The positions of the visible
LED markers relative to the demonstration tool are constants
obtained during an initial calibration phase (Section III-C),
and are represented by ptL1 . . . ptLb . The pose matrix X tc
transforms the positions of the LED markers from the camera
to the demonstration tool [26]:
 t
  c

pL1 . . . ptLb
pL1 . . . pcLb
=
X tc
. (4)
1
...
1
1
...
1
Reducing the pose matrix to a rotation Rtc and a translation
ptc , it can be calculated by:


 
 t
 ptL . . . ptL †
1
b
Rc ptc = pcL1 . . . pcLb
1
...
1
(5)
in which † represents the Moore Penrose pseudo-inverse [27]
of a matrix. The pose defined by Rtc and ptc can be transformed
into a minimal six-dimensional pose representation:

T
xm = x y z α β γ
,
(6)

using α, β and γ ZYX-Euler angles2 . This “measured” pose
xm is an input to a linear estimation problem to obtain both the
demonstration tool’s pose X m and twist tm , based on a constant acceleration model [28]. A constant acceleration model
assumes the demonstration tool is moving with a constant
acceleration, but the acceleration is constantly adapted based
on the pose measurements. This results in a smooth estimation
for the pose and twist of the demonstration tool, while deriving
the twist from the pose measurements would result in a noisy
and inaccurate twist estimation. The Kalman filter [29] is the
preferred tool for this linear estimation problem with low
uncertainties. The filter uses an 18-dimensional state vector
which contains the pose x, the velocity ẋ and the acceleration
ẍ. All three 6-dimensional parameters are estimated from the
measured pose xm .
The filter’s system update extrapolates the estimated pose
ˆ and acceleration ẍ
ˆ at time step k, to make a
x̂, velocity ẋ
˜ and acceleration ẍ
˜ at
prediction of the pose x̃, velocity ẋ
time step k + 1, using a constant acceleration model:





x̂
x̃
I ∆t ∆t2 /2
˜ 
ˆ  .
 ẋ
(7)
= 0 I
∆t   ẋ
˜
ˆ
0 0
I
ẍ
ẍ
k+1

B. Pose and Twist Estimation
While the wrench wm is directly measured by a physical
sensor, the pose X m and twist tm between the contacting
objects are indirectly measured through the position of the
LED markers. A twist is a screw vector containing both
translational and rotational velocities:
T

.
(3)
tm = vx vy vz ωx ωy ωz
When b ≥ 4 non-collinear LED markers L1 . . . Lb on the
demonstration tool are visible to all three cameras, the relative

k

The filter’s measurement update uses the difference between
the measured pose xm and the predicted pose x̃ at time
ˆ and
step k + 1, to update the estimated pose x̂, velocity ẋ
ˆ
acceleration ẍ at time step k + 1:




x̂
x̃
ˆ 
˜ 
 ẋ
=  ẋ
+ K (xm − x̃) ,
(8)
˜
ˆ
ẍ k+1
ẍ k+1
2 The singularities of the representation can be avoided by using a different
representation (like Roll Pitch Yaw angles) depending on the position.
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in which K is called the Kalman gain [29], which is a function
of the Gaussian uncertainty on the estimated state, and the
additive Gaussian noise on the measured pose xm .
The minimal representation of the estimated pose x̂, which
uses ZYX Euler angles, can be transformed into the pose X m
which uses a rotation matrix [30]:
X m = f (x̂) .

(9)

ˆ represents the change of ZYX Euler angles
Its derivative ẋ
over time. For given ZYX Euler angles α, β and γ, this
derivative of ZYX Euler angles can be transformed into the
twist tm using [30]:


I
0

0 −sin(α) cos(α)cos(β) 
ˆ
(10)
tm = 
 0 0 cos(α) sin(α)cos(β)  ẋ.
1
0
−sin(β)

A. Hybrid Probability Density Function
A hybrid PDF contains both continuous and discrete variables. A time-invariant variable is called a parameter, while
a time-dependent variable is called a state. The continuous
parameters in this paper are called the geometric parameters,
denoted by Θ, and represent the pose of the manipulated
object relative to the demonstration tool and the pose of the
environmental object relative to a world reference. Note that
while the pose of the objects is unknown, their geometry is
known. The discrete state in this paper represents the CF at
time step k, denoted by CFk . Fig. 7 shows an example of
a hybrid PDF, for a one-dimensional continuous parameter
Θ and a one-dimensional discrete state CF. The hybrid PDF
represents the belief that, at time step k, the discrete state CFk
is j, with 0 ≤ j < # CFs, and the continuous parameters Θ
have a certain value θ, given that the measurements Z 1...k
have a certain value z 1...k :

C. Calibration
Using the Krypton camera system, the pose of the demonstration tool relative to the camera is accurately measured.
However, the pose of the camera relative to a world reference
is initially unknown. Also, to derive the contact wrench from
the total measured wrench, a gravity compensation algorithm
is used, which requires the knowledge of the mass and
the center of gravity of the manipulated object, as well as
the offsets on the measured wrench. These parameters are
estimated during a calibration procedure, previously presented
by Rutgeerts in [31]. The calibration procedure is based on
the Non-Minimal State Kalman Filter [20] to cope with the
non-linear measurement models.

P (Θ = θ, CFk = j | Z 1...k = z 1...k ) .3

(11)

Each CFk = j of the hybrid PDF has its own continuous PDF:
P (θ | CFk = j, z 1...k ) .

P
P
P
P
P

P

`
`θ, CFk
`θ, CFk
`θ, CFk
`θ, CFk
θ, CFk

(12)

=
=
=
=
=

4
3
2
1
0

|
|
|
|
|

´
z 1...k ´
z 1...k ´
z 1...k ´
z 1...k ´
z 1...k

0.5
0.4
0.3
0.2
0.1

IV. S IMULTANEOUS R ECOGNITION OF C ONTACT
F ORMATIONS AND E STIMATION OF G EOMETRIC
PARAMETERS
A compliant motion task can be segmented into a sequence
of CFs. At each CF, different contact constraints apply.
Therefore, to estimate uncertain geometric parameters of the
objects involved in a compliant motion task, the knowledge
of the current CF model is required. This means that the
estimation problem for compliant motion tasks, consists of
two connected sub-problems: the recognition of the (discrete)
CF and the estimation of (continuous) geometric parameters.
For the simultaneous recognition of CFs and the estimation of
geometric parameters, a hybrid Probability Density Function
(PDF) is required.
In this paper particle filters [22] are used to implement this
hybrid estimation problem. Gadeyne et al. [21] show that while
Kalman filter variants cannot cope with the cross-dependency
between discrete and continuous variables, using a hybrid PDF,
particle filters can. The particle filter algorithm updates the
discrete CF and continuous geometric parameters in a two
step approach. In the first step the system model makes a
prediction for the next CF and the geometric parameters. In
the second step the measurement model corrects this prediction
based on sensor data. This section describes the models that
are used in the estimation problem. Section V describes the
implementation details.

0
0

1

4
2

3

4

Θ

3
5

6

2
7

8

1
9

CF

0

Fig. 7. An example of a probability density function (PDF) of a hybrid
joint density, with a one-dimensional continuous geometric parameter Θ and
a one-dimensional discrete state CF. All the information about the system is
contained in this one hybrid PDF, while traditional Kalman filters do not have
sufficient degrees of freedom in their Gaussian PDFs to represent the same
information.

The presented approach is based on particle filters, and
therefore the hybrid PDF is represented by a number of
discrete samples or particles. Each particle corresponds to one
possible value of the hybrid state: one of the possible values of
each discrete state, and one value for each of the continuous
parameters. With enough particles, it is possible to make a
good approximation of any discrete, continuous or hybrid PDF.
This allows particle filters to deal with virtually any type of
PDF, while Kalman filters can only deal with Gaussian PDFs.
However there is always a trade-off between the number of
3 In the rest of the paper, the notation A = a is shortened into a,
wherever the distinction between a stochastic variable and an actual value
is unambiguous.
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particles and the performance and memory requirements of
the filter.

B. System Model – Prediction
The prediction step uses the system model to make a
prediction for the hybrid joint density at time step k, given
the hybrid joint density at time step k − 1:
P (θ, CFk = j | z 1...k−1 ) =
X
P (CFk = j | θ, CFk−1 = i) P (θ, CFk−1 = i | z 1...k−1 ) .
i

(13)
This simplified prediction step is valid because the estimated
geometric parameters Θ are time-invariant, and only the state
CF changes during time [21]. The system model is a state
transition prediction function that expresses the belief in a CF
transition from a CFk−1 = i at time step k − 1, to a CFk = j at
time step k, given the geometric parameters θ, and is defined
by:
P (CFk = j | θ, CFk−1 = i) .

(14)

To predict the next CF out of hundreds of theoretically possible
next CFs, the topological information from the objects’ contact
state graph is used. Between each two CFs that are connected
in the contact state graph, a direct CF transition is possible,
while between two unconnected CFs a transition is only
possible through one or more other CFs. This topological
information drastically reduces the number of possible next
CFs; many of the transition probabilities in (14) are zero, and
hence (13) contains fewer non-zero terms.
The accurate prediction of CF transitions is important for
the filter’s performance, since the number of particles needed
for a given uncertainty on the geometric parameters is directly
linked to the quality of the prediction step.

C. Measurement Model – Correction
The correction step uses the measurement model to calculate
the hybrid joint density at time step k, given the prediction (13)
for the hybrid joint density at time step k:
P (θ, CFk = j | z 1...k ) ∝
P (z k | θ, CFk = j)P (θ, CFk = j | z 1...k−1 ) .

(15)

The measurement model represents the belief in a measurement z k , given the geometric parameters θ and the CFk = j,
and is defined by:
P (z k | θ, CFk = j) .

(16)

In this research, two different measurement models are used
to update the hybrid PDF. The first model is based on the pose
measurement X m in (9), and the second model is based on
the wrench and twist measurements w m in (2) and tm in (10).
Both measurements models are applied in every correction
step.

1) Contact distance measurement model based on pose
measurements: The contact distance measurement model expresses that when the manipulated object is in contact with the
environmental object, the distance between the objects at the
contact points should be zero, thereby closing the kinematic
chain between the objects. The distance between the objects
at non-contact points should be greater than zero, expressing
that the objects do not penetrate nor contact.
The decomposition of a general CF into ECs (Section II)
allows the automatic generation of the contact distance measurement equation for different CF models [32]. Say the
number of possible ECs between the manipulated object and
the environmental object at all possible CFs is p. This number
is a constant that only depends on the geometry of the two
contacting objects, not on the current CF. Each CF in the
contact state graph can be decomposed into one or more
ECs, therefore, the total number of possible ECs is ever
greater than the number of CFs, and typically in the range
of 102 to 103 . At each EC1 . . . ECp the distance between the
objects is calculated. A new measurement variable is created
by combining all these distances into one distance vector:
T

.
(17)
dm = d1 . . . dp
This new distance measurement variable is a nonlinear function of the pose measurement X m and the geometric parameters Θ. The contact distance measurement equation expresses
the belief in the distance vector, given the current state CFk =
j and the geometric parameters θ:
P (dm | θ, CFk = j) .

(18)

2) Residue measurement model based on wrench-twist measurements: The residue measurement model expresses the
consistency between the contact constraints, and the wrench
and twist measurements wm and tm [33], [34]. The consistency is expressed by a residue vector r m , which is the
part of the measured twist and wrench that is not explained
by the first order kinematics of an ideal frictionless contact;
it should vanish when the measurements and the model are
consistent. For a given pose and CF, the first order kinematics
are represented by a wrench space W and a twist space T .
The wrench space contains all possible wrenches that can be
applied between the contacting objects at the current pose, and
is represented by a matrix W which spans the wrench space.
The twist space contains all possible instantaneous twists that
maintain the contact, and is represented by a matrix T which
spans the twist space. The consistency between w m , tm and
W, T , is expressed by the 12-dimensional residue vector
rm , containing a six-dimensional wrench residue and a sixdimensional twist residue:



wm
I − W W †K w
0
. (19)
rm =
tm
0
I − T T †K t
The operator †K w represents the weighted pseudo-inverse [35],
[36] of a matrix using a positive definite weighting matrix
K w = LTw Lw , and is defined by:

†
W †K w = LTw W Lw .
(20)
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The residue r m contains the difference between the measured
wrench (twist) and its projection in the wrench (twist) space.
It is a nonlinear function of the pose X m , the CF, the
geometrical parameters Θ, and the measured wrench wm and
twist tm . The residue measurement equation expresses the
belief in the residue vector, given the current state CFk = j
and the geometric parameters θ:
P (r m | θ, CFk = j) .

CF (say CFb ) includes EC2 as well as EC4 , the distances
d1 . . . d5 are calculated, and not the distance d6 . In the former
case, distance d4 is not calculated, and thus the probability on
CFa does not decrease when d4 gets smaller. However, when
d4 gets smaller, the probability on CFb (which is a neighbor
of CFa ) increases, and CFb still becomes more probable than
CFa , although d4 is not calculated in the case of CFa .

(21)
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V. I MPLEMENTATION D ETAILS
This section describes the implementation details of the
system model in (14) and the measurement models in (18)
and (21), presented in the previous section. The presented
implementation is capable of processing 90, 000 particles4 per
second, on a 2 [GHz] AMD 64 laptop, sufficient for realtime
discrimination between 245 CFs and estimation of uncertain
geometrical parameters. This performance is achieved by exploiting application-specific knowledge and using applicationspecific “shortcuts”, such as:
• assuming probabilities to be independent,
• not calculating or only approximating probabilities that
are not relevant, such as the probabilities of contact
distances at ECs not adjacent to the current CF,
• developing numerically efficient algorithms that take
advantage of the orthonormal nature of the matrices
obtained from a singular value decomposition, and
• choosing easy to evaluate PDFs based on normal distributions and uniform distributions.
The particle filter implementation uses a 13-dimensional
hybrid joint density PDF, consisting of a 12-dimensional
continuous parameter and one discrete state. The continuous
parameter Θ contains geometric parameters that represent the
unknown pose of the environmental object relative to a world
reference, and the unknown pose of the manipulated object
relative to the demonstration tool. The geometry of both the
environmental object and the manipulated object is known.
The discrete state CF contains the CF between the manipulated
object and the environment, and can be any of the many
hundreds of CFs in a complete contact state graph of the
contacting objects.
A. Contact Distance Measurement Equation
The pose measurement model in (18) expresses the belief
in the distance vector dm , which contains the distances between the involved objects at all possible ECs. Calculating
all these distances for each pose between the objects would
be numerically expensive. Therefore, only the distances at
ECs that are relevant in the assumed CF5 are calculated. The
relevant distances are the distances at the ECs of the assumed
CF, as well as the ECs directly connected to the assumed
CF by an edge. When in the example in Fig. 8 the assumed
CF (say CFa ) only includes EC2 , the distances d1 . . . d3 are
calculated, and not the distances d4 . . . d6 . When the assumed
4 Processing one particle includes one system update, two measurement
updates and the overhead of the particle filter such as re-sampling.
5 The assumed CF is the CF that is given in (18), the CF = j
k

3
5

1
2

4

Fig. 8. For the calculation of the distance vector dm only the distances at the
ECs of assumed CF and the ECs that are directly connected to the assumed
CF by an edge, are calculated.

The probabilities of the distances d1 . . . dp are not independent, but are all linked by the probability of the measured
pose X m . The nonlinear relation between the probabilities
of the pose and the distances is expensive to calculate, and
therefore the distances di are assumed to be independent. The
probability of the distance vector, as expressed in (18), can
then be calculated by:
P (dm | θ, CFk = j) =

p
Y

P (di | θ, CFk = j) ,

(22)

i=1

where P (di | θ, CFk = j) expresses the belief in a distance
measurement at the ith EC.
The distance calculation at the ECs is helped by the use
of spherical boundary boxes around the elements of the ECs.
Only when two boundary boxes intersect, the exact distance at
an EC is calculated. When the boundary boxes do not intersect
(meaning that the elements of the EC are far apart) the exact
distance has no real influence on the filter’s behavior, and is
approximated by the distance between the boundary boxes.
In this paper, the PDF of a distance di at an EC that is
part of the current CF, is shown by the dashed line in Fig. 9,
while the PDF for a distance di at an EC that is not part of
the current PC, is shown by the continuous line.
B. Residue Measurement Equation
The residue measurement model in (21) expresses the belief
in the residue vector r m , which is a measure for the consistency between the first order kinematics of the contact model,
and the measured twist and wrench. This section presents an
efficient approach to calculate the residue vector. It exploits the
orthonormal nature of the matrices obtained from a singular
value decomposition (SVD), to replace two weighted pseudoinverses by two more efficient transposes, for a specific choice
of the weighting matrices.
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500

Choosing a diagonal weighting matrix K w , the product of
a wrench space with this weighting matrix corresponds to a
change of units6 of the wrench space:

450

Probability Density

400

350

W ′CF = K w W CF ,

(26)

300

in which W ′CF represents the same wrench space as W CF ,
using different units. The reciprocity condition in (25) imposes
that when the units of the wrench space change with K w
between W and W ′ , the units of the twist space change with
−1
Kw
between T and T ′ :

250

200

150

100

50

0
−5

W ′T T ′ = (K w W )T (K −1
w T ) = 0.
0

5

Distance [m]

10

−3

x 10

Therefore, when choosing the weighting matrices:

Fig. 9. The probability density function on the distance at an EC between
two objects in contact (dashed line) and at an EC between two objects not in
contact (continuous line).

1) Twist and Wrench Space: The first order kinematics
of an ideal frictionless contact are represented by the local
wrench and twist space at the CF. The wrench space of a CF
is calculated by taking the union of the wrench spaces at each
individual EC of the CF. The wrench space at an EC is always
one-dimensional and defined by a wrench vector wEC with
zero torque when expressed at the EC itself. For a CF with q
ECs, the wrench space of the CF is represented by:


W CF = w EC1 . . . wECq .
(23)

Using the SVD of this representation of the wrench space
W CF , a base W and a base T for its dual space are obtained
[10]:
W CF = [W T ]6×6 S 6×q V Tq×q ,
(24)

in which the diagonal elements of S are the singular values,
and the matrix V is orthonormal. The matrix [W T ] is
also orthonormal, however, all columns of the wrench space
should be reciprocal to all columns of the twist space [37],
meaning that any possible twist t of T produces no work in
the interaction with any possible wrench w of W :
W T T = 0.

(27)

15

(25)

The notion of orthogonality is often used to interpret the reciprocity condition, but is not applicable because the orthogonality can only be defined between elements of the same space,
and twist and wrench spaces are distinct vector spaces [38].
To interpret the orthogonal columns of [W T ] as reciprocal
wrenches and twists, we assign compatible units to forces,
torques, rotational velocities and translational velocities.
2) Implementation with a single SVD: The calculation of
the residue r m in (19) includes one SVD of the wrench
space W CF (24), and two weighted pseudo-inverses W †K w
and T †K t that each require another SVD. These calculations
are numerically expensive. However, a smart choice of the
weighting matrices K w and K t reduces the numerical cost to
a single SVD, using the following method.

K t = K −1
w ,

(28)

the SVD of W ′CF instead of (24), results in a wrench space
W ′ weighted with K w and a twist space T ′ weighted with
K −1
w :


W ′CF = W ′ T ′ S ′ V ′T ,
(29)
The calculation of the residue vector is independent of the
bases used to represent the wrench and twist space. However,
choosing the numerically orthonormal matrices W ′ and T ′ to
represent the wrench and twist space, the pseudo-inverse of
the wrench and twist space is reduced to a transpose:
W ′† = W ′T ,

(30)

T ′† = T ′T .

This results in the calculation of the residue in (19) with a
numerical cost of only one SVD in (29):
rm = K



I − W ′ W ′T
0

0
I − T ′ T ′T



K

−1



wm
tm



,

(31)
in which
K=



K −1
w
0

0
Kw



.

(32)

The importance of reducing the number of SVDs required
becomes clear when using profiling tools to measure the
computational time spent on each of the sub-algorithms.
Reducing the number of SVDs from 3 to 1 decreased the
computational cost of the overall filter with 55%. Using the
efficient algorithm still 60% of the overall computation time
is spent on this one SVD.
In this paper, the PDF of the residue r m is represented by
two 6-dimensional Gaussians, one for the wrench residue and
one for the twist residue.
6 Example of changing the units of a wrench vector using a diagonal
weighting
matrix:
3
32
3
2
2
6
6
6
6
6
4

w 1 [kN ]
w 2 [mN ]
w 3 [N ]
w 4 [N dm]
w 5 [N km]
w 6 [N m]

0.001

7
6
7
6
7
6
7 = 6
7
6
5
4

1000

1
10
0.001
1

w 1 [N ]
w 2 [N ]
76
76
w 3 [N ]
76
76
7 6 w 4 [N m]
54
w 5 [N m]
w 6 [N m]

7
7
7
7
7
5
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C. System Update
The system update calculates the prediction density at time
step k, given the estimated variables at time step k − 1, as
described by equation (13). This prediction step is based on
the probability of a transition from a CFk−1 = i to a CFk = j.
The adjacency relationship between CFs, which is defined by
arcs connecting CFs in the contact state graph, indicates if a
direct transition between two CFs is possible without passing
through any other CF (see Fig. 4). If two CFs i and j are not
adjacent, the probability of a transition is defined by:
P (CFk = j | θ, CFk−1 = i) = 0.

(33)

For two adjacent CFs i and j, the probability of a transition is
defined by the distance vector dm between the two objects, as
defined in equation (17). The closer the two objects are, the
more likely a transition will occur:
P (CFk = j | θ, CFk−1 = i) = P (dm | θ, CFk = j)

Fig. 10. In the experiment to validate the presented approach a cube is
manipulated in contact with three perpendicular faces.

(34)

The probability is calculated identical to the contact distance
probability in (18). Because the probability of a CF transition
only depends on the involved CFs and the pose measurement,
the approach does not require a separate training phase to
assign probabilities to CF transitions.

f ace3
f ace2

CF1
CF5

CF6

D. Software
The algorithms presented in this paper are implemented
within the framework offered by the open source C++
Bayesian Filtering Library (BFL) [39]. BFL offers a unifying
framework for all recursive Bayesian filters, such as Kalman
filters, extended Kalman filters and particle filters. It provides
efficient implementations of various filter algorithms.
The software for the automatic generation of a contact state
graph, given a geometric description of two polyhedral objects,
is provided by Jing Xiao of the University of North Carolina
at Charlotte and her research group. Their algorithms generate
a complete contact state graph containing hundreds of CFs,
within seconds.
VI. E XPERIMENTS
This section reports on the real world experiment to validate
the presented approach. In the experiment, a human demonstrator manipulates a cube through a complex sequence of
CFs in an environment consisting of three perpendicular faces.
Fig. 10 shows the experimental setup and Fig. 11 shows the
sequence of CFs.
During the demonstration, sensors mounted on the demonstration tool measure its pose, twist and contact wrench. The
initial uncertainty on the 12-dimensional continuous geometric
parameters, which are the poses of the environmental and
manipulated objects, is represented by uniform distributions.
The uniform distribution on the pose of the environmental
object relative to a world reference, has a width of 15 [mm]
on the x and y positions, 130 [mm] on the z position
and 0.5 [rad] on the roll-pitch-yaw orientation. The uniform
distribution on the pose of the manipulated object relative
to the demonstration tool, has has a width of 5 [mm] on

CF7
CF4
CF3

CF2

f ace1

Fig. 11.
The CF evolution of a human demonstration where a cube is
manipulated in contact with two perpendicular faces.

the x, y and z positions and 0.5 [rad] on the roll-pitch-yaw
orientation. The discrete state can be any of the 245 possible
CFs between the cube and the planes, and there is initially no
contact between the objects.
The Gaussian PDF on the wrench residue has a sigma
boundary of 10.0 [N ] for the forces and 1.0 [N m] for the
torques, while the Gaussian PDF on the twist residue has a
sigma boundary of 0.001 [m/s] for the translational velocity
and 0.01 [rad/s] for the rotational velocities. The Gaussian
PDF on the distance at an EC of the current CF a sigma
boundary of 0.005 [m]. The PDF on the distance at an EC
that is not part of the current CF is the only one with a nonzero expected value of 0.1[m]. The wrench and twist weighting
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matrices are chosen:

0

10
10

(35)

Based on multiple experiments it was shown that 20.000
particles are sufficient to obtain a robust recognition of the
CFs. Although for a single experiment it is sometimes possible
to lower the number of particles to as little as 5000 and still
obtain the same CF segmentation, at least 20.000 particles
are needed to ensure that the CF recognition for all similar
experiments with a comparable uncertainty is successful. The
joint posterior PDF is dynamically re-sampled using importance sampling, once the effective number of particles drops
below 12.000.
A. Approach to First Contact
In the first part of the experiment, the cube has no contact
with the environment, and approaches one of the planes of the
environment. Fig. 12 shows the time evolution of the uncertainty on the z position of the environment. The uncertainty
on this position, represented by a histogram, is 1 component
of the 12-dimensional continuous parameter; it is obtained by
integrating7 over the 11 other components, for a given CF.
The first five sub-figures show the position parameter for the
no-contact CF, while the sixth sub-figure shows the position
parameter for the first vertex-face CF. Initially the position is
represented by a uniform distribution, indicating that there is
little knowledge about its value. When the cube approaches
the plane, the probability decreases on the left side of the
distribution. This shows that the cube “penetrated” one of the
possible positions of the plane without detecting a contact,
thus proving that possible position invalid. This evolution
continues until the cube makes a vertex-face CF with the
plane. The CF transition is detected due to the inconsistency
between the measured wrench and the assumed no-contact
CF. The knowledge about the vertex-face CF allows accurate
estimation of the position of the plane, also decreasing the
probability on the right side of the uniform distribution.
When the probability density decreases on one side of the
distribution, the probability density increases for the rest of
the distribution, keeping the total probability unchanged.

Probability Density
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Fig. 12. The time evolution of the probability density on the position of
a plane, when approaching the plane with a cube. The vertical line shows
the true position of the plane. The probability density decreases gradually
when the cube approaches. The last figure shows how the probability density
suddenly decreases when the cube makes contact with the plane.

B. Sequence of Contact Formations
In the rest of the experiment, the cube is manipulated in
contact with the environment, through a complex sequence of
CFs. The demonstrated sequence of CFs and the dimension of
the wrench and twist spaces is shown in Table I and Fig. 11.
The experiment includes complex CFs and CF transitions,
such as:
• adding contact constraints (CF1 to CF2 to CF3 ),
7 The hybrid PDF is represented by discrete samples; the integral over the
parameters of the PDF is approximated by the summation over the discrete
samples.

removing contact constraints (CF5 to CF6 ),
adding many contact constraints at once (CF6 to CF7 ),
• removing many contact constraints at once (CF4 to CF5 ),
and
• simultaneous contacts with the two planes (CF4 ).
Fig. 13 shows the evolution of the estimated probability on
each of the 245 possible CFs. Each CF is one possible value of
the discrete state, and its probability is obtained by integrating
over all 12 components of the continuous parameter, for each
•

•
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TABLE I
T HE SEQUENCE OF CF S BETWEEN THE CUBE AND ITS ENVIRONMENT.
CF
CF1
CF2
CF3
CF4
CF5
CF6
CF7
CF8
CF9

Principal Contacts
no contact
face1-vertex1
face1-edge1
face1-edge1 face2-vertex2
face2-vertex2
no contact
face1-face3
face2-edge3
face1-edge4

Wrench
0
1
2
3
1
0
3
3
3

Twist
6
5
4
3
5
6
3
3
3

of the possible values of the discrete state. At each time step
only a few CFs have a probability greater than zero. The
particle filters successfully assign the highest probability to the
CF that corresponds to the true CF in the experiment. Notice
that CF8 and CF9 have a relevant probability in the respective
measurement intervals [120 − 150] and [184 − 186]. Both
these CFs are neighboring to the true CF in the measurement
interval.

timestep. To allow the same uncertainty on the geometrical parameters, the approach in [21] would require the
same number of particles per CF, resulting in 49 times
more particles. For the presented experiment this would
result in 980, 000 required particles.
• Performance The approach in [21] is able to process
3, 000 particles per second on a 1.1 [GHz] laptop.
Assuming this older hardware is a factor 4 slower than the
2 [GHz] laptop used for the experiments in this paper, the
presented approach is still 7.5 times faster in processing
particles (90, 000 particles per second compared to 4 ×
3, 000 particles).
Combining both the decreased number of required particles
and the increased performance, the presented approach is
367.5 times faster than the approach in [21], which for
the presented experiment results in processing particles in
1
[Hz]. In addition to this
realtime at 4.5 [Hz] instead of at 82
increased processing speed, the presented appraoch considers
the geometric features of the object (faces and edges) to
be finite, and applies an improved measurement model (see
Section VII-C).
VII. D ISCUSSION

CF1

1

CF2

CF4

CF3

CF5

CF6

CF7

The contact state graph contains the adjacency relation
between CFs. Two CFs are adjacent when a direct transition
between them is possible, without going through any other
CF. The system model directly applies this adjacency relation
by only allowing a CF transition between adjacent CFs in
(33). This knowledge about the adjacency relation drastically
reduces the search field for possible next CFs. However, one
could imagine a situation where the intermediate CF between
two not-adjacent (but almost adjacent) CFs is skipped. In
the example in Fig. 14, this could be a jump between CF1
and CF3 , without going through CF2 . The system model

0.8

Probability

0.6

0.4

CF9

0.2
CF8

0
0
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160

A. Contact State Graph

180

200

# Processed Measurements
Fig. 13.
The CF evolution of a human demonstration where a cube is
manipulated in contact with two perpendicular faces. The evolution is shown
by the probability on each of the CFs. The sequence is listed in Table I.

CF1

C. Comparison with previous approach
The effectiveness of the presented approach is shown when
comparing the obtained experimental results with the results
previously obtained by Gadeyne et al. in [21]. The main
improvements with respect to the appraoch in [21] are found
in the number of particles needed to estimate the hybrid state,
and the performance of the presented algorithms.
• Number of particles The approach in [21] does not use
the topological information of a contact state graph, and
therefore requires to consider all 245 possible CFs at
each timestep. The approach in this paper only requires to
evaluate the neighboring CFs, which reduces the number
of CFs to consider to an average of 5 CFs at each

CF2

CF3

Fig. 14. Moving directly from CF1 to CF3 corresponds to a jump in the
contact state graph. However, the estimated CF will converge to CF3 by first
passing through CF2 .

will not be able to directly recognize the new CF, since it
is not adjacent to the current CF. However, if the path in
the contact state graph between the current and the new CF
has a constantly increasing or decreasing number of contact
constraints, the estimation will converge to the new CF. In
this case, given the pose wrench and twist measurements at
the new CF, each intermediate CF on the path between the
current and new CF will be more and more probable, guiding
the estimation to the new CF. When this is not the case and the
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jump in the contact state graph is too large, the localization in
the contact state graph is lost, encountering the “kidnapped
robot” problem [40]. Adding random possible CFs to the
particle filters can help to cope with this problem.

to distinguish between two models in the same CF, the
consistency model can also be used to distinguish between
different CFs.
VIII. C ONCLUSIONS

B. Probability Density Functions
The PDFs on the distance vector in (18) and the residue
vector in (21) indirectly define the belief in the pose, wrench
and twist measurements. The choice of these PDFs is always
somewhat arbitrary, however, it is possible to make a problem specific but physically founded choice, considering the
accuracy of (i) the physical sensors used, (ii) the calibration
of the sensors, and (iii) the models used to describe the real
world. The PDF on the wrench residue is dominated by the
inaccuracy of the contact model that does not consider friction
nor inertia forces. The PDFs on the twist residue and the
contact distance are mainly influenced by the inaccuracy on
the calibration of the demonstration tool, and the deformations
of the demonstration tool. The actual values of the PDFs are
given in Section VI.
Applying a model that differs from the real world not only
affects the chosen uncertainty on the sensor measurements, but
also the number of particles needed for the filter, and hence the
performance of the filter. Using the presented method when
manipulating e.g. a flexible object will require more particles
then when manipulating e.g. a rigid object, because a rigid
object better matches the used contact model.
C. Consistency versus Reciprocity
To link the wrench and twist measurements to the geometric
parameters in a given CF, two different models where previously presented in literature: the consistency model (used in
this paper) and the reciprocity model [33], [34].
The reciprocity model expresses that a measured twist
(wrench) produces no work against the wrench (twist) vectors
of the wrench (twist) space, and is expressed by the 6dimensional power vector:



T
0
wm
em =
.
(36)
0 W
tm
The power vector contains n components resulting from
T · w m and (6 − n) components from W · tm , with n the
dimension of the twist space. The reciprocity model falls short
when comparing two models with two different CFs, when one
CF has a higher dimensional twist space than the other CF.
For example, when the measured twist and wrench are zero,
and the measured twist has a lower (higher) uncertainty than
the measured wrench, the reciprocity model will always prefer
a CF with the higher dimensional twist (wrench) space.
The consistency model, which expresses that the measured
twist (wrench) is a linear combination of the twist (wrench)
base vectors of the twist (wrench) space, does not suffer
from the same shortcoming. Its 12-dimensional residue vector
in (19) always contains 6 components from the measured
twist, and 6 components from the measured wrench, thus
avoiding favoring a higher dimensional twist or wrench space.
Therefore, while the reciprocity model is only appropriate

This paper presents a contribution to the task specification
process for sensor-controlled robot systems that physically
interact with the environment, with a focus on compliant
motion tasks. As shown in Fig. 1, previous research uses
an automated off-line compliant path planner to generate a
compliant path. This compliant path is then automatically
converted into a task specification for a hybrid controller,
using the compliant task generator. This paper presents another
approach to obtain a compliant path, using programming by
human demonstration.
In the demonstration step, a human demonstrates a compliant task by directly manipulating an object in contact
with its environment, using a demonstration tool. During the
demonstration, the krypton 6D optical system measures the
pose and twist of the manipulated object, while a wrench
sensor measures the interaction forces between the contacting
objects. Subsequently, in the interpretation step, these measurements are interpreted using sequential Bayesian estimation
techniques.
Similar to the more familiar localization, tracking and
recognition problems in mobile robotics, the approach simultaneously recognizes CF transitions and estimates geometrical
parameters. The approach is based on the Bayesian sequential
Monte Carlo method, or particle filter, and can cope with
hybrid (partly discrete, partly continuous) joint posterior variables containing both the CF and geometrical parameters of
the environment. While previously presented results in this
field only allowed certain CFs or certain CF transitions, this
approach scales the search space to all possible CFs between
the contacting objects, using the topological information contained in a contact state graph. This extension in combination
with new efficient algorithms, allow the realtime simultaneous
recognition of CFs and estimation of geometric parameters.
The approach applies to convex as well as to concave polyhedral objects with a known geometry, but at an unknown pose,
and is able to efficiently recognize the CF at each step of a
human demonstration out of many hundreds of possible CFs.
Experimental results verify the effectiveness of the method.
While in [13] the probability of CF transitions is trained,
the experimental results presented in this paper do not use
any prior knowledge about the probability of CF transitions.
Training the CF transitions in the contact state graph using
sensor data gathered during multiple demonstrations is an
interesting topic for future research.
In this paper the presented particle filters are applied to
sensor data gathered during a human demonstration. However, the estimators can also be used to process sensor data
collected during the execution of a compliant motion task.
When processing this data online, during the execution, the
estimators can provide feedback to the robot controller about
the current CF and estimate geometrical parameters related to
the robot manipulator and its environment. The performance of
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the presented algorithms is sufficient to process all sensor data
in realtime. Using the estimators online to provide feedback
for the robot controller will be the subject of further research
and experiments.
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